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A SURVEY OF MATRIX DIFFERENTIATION

An summary of first and second-order differentiation of matrix functions is given.
As example, these techniques are applied to maximum-likelihood estimation of

the multivariate linear model and the factor-analysis model.

Keywords: matrix differentiation, multivariate linear model, factor analysis,
regression estimator
AEA-code: C30
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1 Introduction

In this paper an overview of matrix differentiation techniques and some applications
is given. In section 2 we collect some matrix results from Magnus (1988). Sections
3 and 4, drawn from Magnus and Neudecker (1988), treat first-order differentiation,
respectively second-order differentiation. Section 5 gives an application to maximum-
likelihood estimation of the multivariate linear model, section 6 to maximum-likelihood
estimation of the factor-analysis model, and section 7 to linearization of the regression

estimator.

2 Preliminaries

This section brings together several results from matrix analysis that are useful for ma-
trix differentiation techniques; see Magnus (1988) for much more details and proofs.
We use several operators such as #r (trace of a matrix) and vec (vector of a matrix).
These operators have the highest priority, e.g. @ tr(A) means: a X [tr(A)]. If the opera-
tor is followed by a space then it extends until the next space, closing bracket, comma,

or period, e.g. tr AB means: tr(AB).

2.1 The trace

Let A and B be n X n-matrices. The frace of a matrix is defined as the sum of its

diagonal elements:
n

uA:Zﬁw 2.1)

i=1

The trace has the following properties:

trf(A+ B) = trA + tr B, (2.2)



tr(A") = tr A, (2.3)
trAB=trBA =trA’B’ = tr B’A’, 2.4)

traA = atrA. 2.5)

2.2 The Kronecker product

Let A be an m X n-matrix and B a p X g-matrix. The Kronecker product of A and B is

the mp X ng-matrix

cmB alzB a]nB
anyB apB ... ay,B

A®B=| S , (2.6)
amlB asz N amnB

The Kronecker product has the same priority as the ordinary product. For example,
A®B+C = (A®B)+C, ABRC = (AB)®C. Note that aijbrs = (A®B)(i—l)p+r,(j—l)q+s (i=
1,2,...m; j=1,2,..,n, r=1,2,...,p; s=1,2,...,9).

Let C and D be matrices, x and y vectors, and « a scalar. The Kronecker product has

the following properties (it is assumed that any product and sum exist):

(A®B =A’® B, 2.7
A+B)®(C+D)=A’C+A®D+B®C+B®D, 2.8)
(A® B)(C®D)=AC® BD, (2.9)
aA=a®A=AQa = Aaq, (2.10)

x®y =xy' =y ®x (2.11)

If A and B are square of order m respectively n, then

tr(A ® B) = (tr A)(tr B), (2.12)
AeB'=A"leB!, (2.13)
(A® B)t = A* @ B*, (2.14)

with a + as superscript denoting the Moore-Penrose inverse,
r(A® B) = r(A)r(B); (2.15)
if A is an m X m-matrix and B and p X p-matrix, then
|A® B| = |AI”IBI"; (2.16)

if A; are the characteristic values (i = 1,2, ..., m) of A with characteristic vectors x; and
uj (j=1,2,..., p) the characteristic values of B, then the characteristic values of A® B

are A;uu; with characteristic values x; ® y;.



2.3 The vec-operator

Let A be an m X n-matrix and q; the i-th column of A. Then vec A is the mn-vector
defined by

ag
az
vecA=]| |. 2.17)
dan
Note that ajj = (vec A)(j—l)m+i-
Let A, B, C, and D be matrices, and x and y vectors. The vec-operator has the following

properties (it is assumed that any product exists):

vecx = vecx = x, (2.18)

vecxy = y®x, (2.19)

trAB = (vec A’) (vec B), (2.20)

tr ABCD = (vec D')' (C' ® A)(vec B) = (vec D)’ (A ® C")(vec B), (2.21)
vecABC = (C' ® A)(vec B), (2.22)

ABx = (X’ ® A)(vec B) = (A ® x')(vec B'). (2.23)

If A is an m X n-matrix and B an n X g-matrix, then
vecAB = (B’ ® I,y)(vec A) = (B’ ® A)(vec I,) = (I, ® A)(vec B). (2.24)
If A, B, and V are square matrices of the same order and V is symmetric, then
(vec V)'(A® B)(vec V) = (vec V) (B® A)(vec V). (2.25)
If x is an m-vector and y an n-vector, then from (2.19) and (2.24)) we have

x®y=vec(yx') = (I, ® y)x = (x® I,)y. (2.26)

Let X be an m X n-matrix, Y a p X g-matrix, A an n X g-matrix, and B an m X p-matrix,
such that (vec X)(vecY)’ = A ® B. Then

XijYrs = ajsbira

i=1,2,..m; j=12,.,nr=1,2,..,p; s=1,2,....,q. (2.27)

Similar formulae hold for matrices with the structure of (vec X)(vec Y)’. An example
is the covariance matrix of the vec of a stochastic matrix: if Var(vec X) = E(vec X —
Evec X)(vec X — Evec X) = A® B, then

COV(xijv Xrs) = ajsbir,

i=1,2,...m; j=1,2,...n,r=12,...p; s=1,2,....q. (2.28)



Another example is the matrix with second partial derivatives of a real-valued matrix
function: if 3%¢/(d(vec X)d(vec X)') = A ® B, then

¢

o o, —a 'sbir
axijaxm / ’

i=1,2,..m; j=12,.,n,r=1,2,..,p; s=1,2,....,q; (2.29)

see section 4.4.

2.4 The commutation matrix

The commutation matrix is the permutation matrix that transforms the vec of a matrix

into the vec of the transpose of that matrix:
Kn(vecA) = vec A’ (2.30)

where A is an m X n-matrix and K, is the mn X mn-commutation matrix for matrices of
order (m, n). Note that vec A’ is the vector with the rows of A stacked; it is sometimes

denoted as vec(A).

The commutation matrix K, will be denoted by K,,. Since K,,, is a permutation

matrix, it is orthogonal and thus
-1
K,,=K,, = Kun- (2.31)
Also
K = K = Ly, (232)
The commutation matrix derives its name from the fact that it reverses (‘commutes’)
the order of Kronecker products:

Kpm(A® B) = (B®A)Ky, (2.33)

where B is a p X g-matrix. The commutation matrix can be used to write the vec of a

Kronecker product as the Kronecker product of the vec’s:
vec(A® B) = (I, ® Ky ® I,)[(vec A) ® (vec B)]. (2.34)

An explicit expression for the commutation matrix is

Kun = zmll Zn;([‘li]’ ® Hi,j)’ (2.35)
i=1 j=

where H;; is the m X n-matrix with 1 as element (i, j) and O elsewhere.

Let X be an m X n-matrix, Y a p X g-matrix, A an m X g-matrix, and B an n X p-matrix,
such that (vec X)(vec Y) = K,;,,(A ® B). Then

XijVrs = Qisbjr,



i=1,2,..m; j=1,2,...n,r=1,2,...p; s=1,2,....,q. (2.36)

Similar formulae hold for matrices with the structure of (vec X)(vec Y)’. An example
is the covariance matrix of the vec of a stochastic matrix: if Var(vec X) = E(vec X —
Evec X)(vec X — Evec X)' = K,;,,(A ® B), then

cov(xij, Xrs) = aisbjy,
i=1,2,..m; j=1,2,..nr=1,2,...,p; s=1,2,...,q. (2.37)

Another example is the matrix with second partial derivatives of a real-valued matrix
function: if (92¢/ (0(vec X)d(vec X)) = K,;n(A ® B), then

0%

(‘)x,-jc')xrs

:aisbjr,
i=1,2,...m; j=12,..,nr=1,2,...,p; s=1,2,...,q; (2.38)

see section 4.4.

2.5 The duplication matrix

Let A be a n X n-matrix and let v(A) denote the %n(n + 1)-vector that is obtained from
vec A by deleting all supradiagonal elements of A. If A is symmetric then v(A) contains
only the distinct elements of A. The duplication matrix D,, is the n* x %(n + 1)-matrix

that transforms, for symmetric A, v(A) into vec A:
D, v(A) = vec A. (2.39)
The Moore-Penrose inverse of the duplication matrix is
D =(D.D,)"'D.. (2.40)
It is easily seen that for symmetric A:
V(A) = D} vec A. (2.41)

An explicit expression for the duplication matrix is

D, = Z an(vec Tipu, (2.42)

= j=1
where T;; = Ej;, T;j = E;j + Ej; (i # J), Ejj is the n X n-matrix with 1 as element (i, j)

and 0 elsewhere, and u;; = v(E;;) (note that E;; = eie}). Also

D,D; = 3,2 + Ky), (2.43)
+ —
D/D, = 1% a1’ (2.44)
and
[D/(A®A)D,]' = DA '@ AHD!. (2.45)



The n? X n?-matrix %(Inz + K,) will be denoted by N, and plays an important part in

distribution theory, especially normal distribution theory. There holds

N, vecA = vec3(A +A"), (2.46)
N,(A® AN, = Ny(A®A) = (A® A)N,, (2.47)

and
N, =N, = N2, (2.48)

so that N, is orthogonal and idempotent.

2.6 Diagonality

Let A be a square nxn-matrix and define w(A) as the vector containing just the diagonal
elements of A:
W(A) = (a11,a22, -+ Gnn)' (2.49)
We define the n x n?-matrix G, as the matrix that transforms for diagonal A, w(A) into
vec(A):
G, w(A) = vecA. (2.50)
An explicit expression for G, is

n

G, = Z ei(vec E;), (2.51)

i=1
where ¢; is the n-vector with 1 as element i and O elsewhere, and Ej; is the n X n-matrix

with 1 as element (i, /) and O elsewhere. It can be shown that
G,K, = G,N, = G,

GG, = I,, (2.52)

and
GZ =G, (2.53)

The matrix G, eliminates from vec A the off-diagonal elements, since for every square
matrix A,
G,(vecA) = w(A). (2.54)

and
G, w(A) = G,G,(vec A) = vec(dg A), (2.55)

where dg A is the diagonal matrix containing the diagonal elements of A. The matrix

G, converts a Kronecker product into a Hadamard product:
G,(A® B)G, = A OB, (2.56)

where A and B are matrices of the same size and the Hadamard product of two matrices

is defined as their element-wise product, i.e. (A © B);; = a;;b;;.



Let X be an m X n-matrix, y a p-vector, A an n X p-matrix and B an m X p-matrix, such
that (vec X)y’ = (A ® B)G,. Then

Xijyr =ajyby, i=12,.,m; j=12,..,n, r=12,..p. (2.57)

Similar formulae hold for other matrices with the same structure as (vec X)y’. An
example is the covariance matrix of a stochastic vector and the vec of a stochastic
matrix: if Cov(vec X,y) = E(vec X — Evec X)(y — Ey)’ = (A ® B)G’,, then

cov(xij,yr) = ajbiy, i=1,2,...m; j=1,2,.,n;, r=12,..,p. (2.58)

Another example is the matrix with second partial cross derivatives of a vector and a
real-valued matrix function: if 8%¢/(d(vec X)d(y)') = (A ® B)G’,, then
8¢
Ox; jay r

=ajby, i=1,2,...m; j=12,.,n,r=12,.,p; (2.59)

see section 4.4.

3 First-order differentiation

3.1 Differentiability of vector functions

Let f be a function from an open set S ¢ R” to R”; let x” € § and u € R™ such that
1% +u € §. The function f is differentiable at x° if there exists a real n X m-matrix A o,

depending on x° but not on u, such that
FOO+u) = () + Aou + o(u), (3.1)

where o(u) is a function such that limy,—olo(u)|/lu| = 0. The matrix A is called
the (first) derivative of f at x°; it is denoted by D f(x°) or by df/0x’],_,0, and is
called the Jacobian matrix of f at x°, and if m = n, its determinant is called the
Jacobian of f. The Jacobian matrix D f is equal to the matrix of partial derivatives, i.e.
D f(x);; = 0f:/0x;. The linear function d f,0 : R™ — R" defined by d f,o(u) = Ao X u
is called the (first) differential of f at x; instead of u we often write dx, so that:
df = Ap X (dx). Alternatively if A is a matrix such that d f = Adx then A is
the derivative of f at x° and contains the partial derivatives. This one-to-one relation
between differentials and derivatives is very useful, since differentials are relatively

easy to manipulate.

From (3.1) we see that the differential corresponds to the linear part of the function,

which can also be written as
y— y0 =A(x - xo),

where y° = f(x°). Therefore the differential of a function is the linearization of the
function: it is the equation of the hyperplane through the origin that is parallel to the

hyperplane tangent to the graph of f at x°; so the linearized function can be written as

fx) = F(x°) + A(x - x0). (3.2)



3.2 Differentiability of matrix functions

A matrix function F from an open set S C R™" to RP* is differentiable if vec F' is

differentiable, i.e. if there exists a real pg X mn-matrix A, depending on X°, such that
vec F(X0 + U) = vec F(XO) + Axo(vec U) + vec o(U), (3.3)

where U is a p X g-matrix such that X'+ U €S, and limy—olo(U)|/|U] = 0 with
the norm of a matrix X defined by |X| = (trX’X)%. The differential of F at X° is the
m X n-matrix function d Fyo defined by vecd Fyo(U) = Ayo(vec U). The pg X mn-
matrix D(vec F) is called the Jacobian matrix of F at X° and is denoted by D F(X?) or
by d(vec F)/d(vec X)' ]xxo.

If either F or X is a scalar then D F is a vector. It is then useful to define some other
matrices that also contain the partial derivatives. If F is a scalar function of a matrix

(i.e. p =g = 1), then we define the m X n-matrix F(X)/0X implicitly by

B AFX)Y
DF(X) = (vec a—x) , (3.4)

ie. (0F/0X);; = O0F/0x;j. If X is a scalar (i.e. m = n = 1), then we define the
p X g-matrix 0F(X)/0X implicitly by

OF (X)
ox ’
i.e. (0F/0X);; = 0F;;/0X. In all other cases the only useful definition of derivative is

D F(X) = vec

3.5)

the Jacobian matrix d vec F/d(vec X)’, because only then there exists a general chain
rule and the determinant of the derivative equals the Jacobian. Note that if X is a
vector (i.e. n = 1) and F a scalar (i.e. p = g = 1), then D F is a row vector and
0F/0X = (D F)' is a column vector.

An explicit expression for the Jacobian matrix is

m n
oF ,

DF = Z Z (Vec %) (vec H;j)', 3.6)

i=1 j=1
where H;; is the m X n-matrix with 1 as element (i, j) and O elsewhere. If n = 1, then

(3.6) simplifies to
- oF

DF = ; (Vec a_xi)ei’ (3.7

where ¢; is the m-vector with 1 as element i and O elsewhere.

3.3 Chain rule

Let S be an open setin R” and let f : S — R be differentiable at a point x’ in S. Let T
be a subset of R such that f(x) € T for all x € § and let g : T — R? be differentiable
at a point ' = f(x") € T. Then the composite function 2 = go f : § — R” defined
by h(x) = g[f(x)] is differentiable at x°, and there holds D 2(x°) = D g(3°) D f(x°) and
dho(u) = dgpld fro()].



3.4 Properties of differentials

Let A be a matrix of constants, /' and G matrix functions, and « a real scalar. Then,

assuming that all differentials, products, inverses, etc. exist, we have

dA =0, (3.8)
d(aF) = adF, (3.9

d(F +G)=dF +dG, (3.10)
d(FG) = (dF)G + F(dG), (3.11)
dF®G)=({dF)®G+F®(dG), (3.12)
d(F") = (dFY, (3.13)

d(vec F) = vec(d F), (3.14)

d(tr F) = tr(d F), (3.15)
dF'=-F Y dF)F', (3.16)

dF| = ue(F*d F), (3.17)

where F* is the adjoint matrix (i.e. the transpose of the matrix with cofactors) of F. In

particular, at points where F' has full rank:

dIF| = |F|te(F~' d F). (3.18)

The use of differentials makes it unnecessary to remember many matrix derivatives,

since they follow easily from the above properties.
Formula (3.16) is easily proved by taking the differential of FF~' = I, and rearranging.

As an example of the chain rule we will prove (3.17). Define the function g : R"™" —
R by g(Y) = |Y|. Note that g is a function without restrictions and that all variables y;;
are independent. Then |F| is the composite of g and F. Expanding |Y| along the i-th row
we get |Y] = Zj vijlYijl, where |Y;;] is the cofactor of y;;. Since Y;; is independent of y;,
there holds 0|Y|/dy;; = Yi; and thus d|Y| = %; 3; Yi;dy;; = tr(Y*dY). By the chain
rule we then have d F = tr(F* d F). Note that (3.17) and (3.18) hold independently of

any restrictions, such as symmetry, on F.

3.5 Examples

Example 3.1. Some special cases for real functions of one variable are

dx" = nx"dx (3.19)

de* =e*dux, (3.20)

dlogr=2" (x> 0) (3.21)
X



Example 3.2. For the real function f(x,y) = x> + 2xy — y> we have
df=dx®) +2d(xy) —d(?) =2xdx+2(ydx + xdy) — 2ydy
=2(x+y)dx+2(x—y)dy.
Example 3.3. For the real function f(x,y) = x%* (x> 0,y > 0) we have
dlog f = adlogx +Bdlogy.

Example 3.4. (Implicit differentiation) Consider the equation

Jxy) =0 (3.22)

Suppose (3:22)) holds on an open set in R? in the sense that there exists a function
g : R — R implicitly defined by f[x, g(x)] = 0. Define the function 2 : R — R by
x = f[x, g(x)] and the function ¢ : R — R by x ~ [x, g(x)]. Then % is the composite
of f and ¢, so that by the chain rule we have

_of of

(x) = _ I T, of ,
h(x)—Dg(x)—D¢fo—[g,(x)](a %)= 55 * ay¢

On the other hand, from (3.22) we have 4’(x) = 0, so that

d _ af0x
27 _ =2 3.23
P (%) 31f/dy (3.23)
This result also follows by the chain rule for differentials, since it implies
of af oy
—dx+—=——=dx=0,
0x o ady 0x *
from which (3.23) follows after rearranging and dividing through by d x.
Example 3.5. d(Ax) = A(d x) and so
A
D(Ax) = A% _ 4. (3.24)
ox’'
Example 3.6. d(x’Ax) = x’A(dx) + (dx)’Ax = x’(A + A”)(d x) and so
0x'A
D(x¥Ax) = =28 = ¥(A + A) (3.25)
ox’'
and oA
Y A+ A (3.26)
0x
Example 3.7. d(y’Az) = y'(dA)z = (’ ® y’)(vecd A), so that
0y'Az
DGYA7) = ——— =7 ®)’ 3.27
(V'A2) dvecAy - ®y, (3.27)
and, with (2.19),
0y'Az
=v7. 3.28
GA "% (3.28)
Example 3.8. d(AXB) = A(d X)B, so that d(vec AXB) = (B’®A)(vec d X) and therefore
ovecAXB
D(AXB) = —————— = B'®A. 3.29
( ) d(vec X)’ ® ( )

10



Example 3.9. An application of (3.16)) is
dvec X!

1 r—1 -1
DvecX " = m =-X ®X s (330)
and, using (2.29), we get -
Ox! _ ir .sj
Ix —x'x.
Example 3.10. BveeX B 7)
vec(X ®

Example 3.11. An application of (3.18) is: dloglA| = |A|I"'d|A| = tr(A~'dA) =

(vec A’ 1Y (dvec A), and so if A is a function of a scalar «, there holds

dvec A 0A
dloglA] = (vec A Y 5% 44 = 0 a1 22 do, (3.32)
O o
and therefore 5 loslA A
OlogAl _ | 4194 (3.33)
oa oa

Example 3.12. Let X be an m X n-matrix; then d(X’X) = (d X)X + X’(d X), so that
dvec(X'X) = (X' ® I,)(vecd X") + (I, ® X")(vecd X)
= (X' ® I,)Kyn(vecd X) + (I, ® X" )(vec d X)
=K, (I, ® X" )(vecd X) + (I, ® X )(vecd X)

= 2N,(I, ® X" )(vec d X);
therefore 5 vix
vec X’
D X'X=——"— =2N,I,® X").
vee d(vec X) nln ®X)
Similarly,
0 XX’
Dvec XX = 2022 _oN (X ® I,y). (3.34)
d(vec X)’

Example 3.13. Let X be an m X n-matrix and A and m X m-matrix. Then dtr X’AX =
tr(d X)) AX + tr X’A(d X) = 2tr X’A(d X) = 2(vec A’X)’(vec d X), so that

otrX’AX
DurX’AX=——=2 A’X),
f d(vec XY (vec )
and or X’ AX
ouA AT _oarx.
0X

Example 3.14. Let X be an n X n-matrix. Then dtrX?> = t[(dX)X + X(dX)] =
2tr X(d X) = 2(vec X’) (vec d X), so that

D tr X2 atr X2
X2 =

=——=2 X)
d(vec XY (vec XY,

and
dtr X?
0X
Example 3.15. Let X be an nxn-matrix. Then dlog|X| = tr X~!(d X) = (vec X"~ 'Y (vecd X),
so that

=2X.

0log|X]| 1o
DloglX| = ————— = X ,
oglX| Avec XY (vec )
and
610g|X| — X,_l.
15).4

11



4 Second-order differentiation

4.1 Twice-differentiability

Let f be a function from an open set S C R™ to R"; let x € §, u € R", and let f be
differentiable at x. The function f is twice differentiable at x if D f is differentiable at

X, i.e. if there exists a real mn X m-matrix B, depending on x but not on u, such that
vec D f(x + u) = vec D f(x) + B(x)u + o(u), 4.1

where o(u) is a function such that limy,—lo(u)|/|u| = 0. The matrix B is the derivative
of vecD f at x, i.e. B(x) = D[D f] = d[vecD f(x)]/dx’; note that for D f to be
differentiable, it must exist in a neighborhood of x, i.e. f must be differentiable in

a neighborhood of x.

It will be easier to work with the mn X m-matrix H f(x) = D[D f]" = K,,B(x) =
dvec[D f(x)]’/0x’; this matrix is called the Hessian matrix of f at x, and if n = 1, its
determinant is called the Hessian of f. The Hessian matrix is equal to the Hessian

matrices of the component functions of f stacked below each other:

Hfi(x)

H f£2(x)

Hf(x) = 4.2)

H fu(x)
It can be shown that the component Hessian matrices of f at x are symmetric, i.e.
H fi(x) = (H fi(x))" if f is twice differentiable at x (Dieudonné, 1960, section 8.12).
Note that H f also exists if the partial derivatives df/dx; are differentiable and D f is
not differentiable; then the H f; are not necessarily symmetric (in this case a sufficient

condition for H f; to be symmetric is that each partial derivative is continuous).

4.2 The second differential

The second differential is the differential of the first differential:

d* f = dd f), 4.3)

where we consider d f as a function of x only, holding d x constant. The second differ-

ential exists if and only if f is twice differentiable, since

d* f = d(d f) =d[D f(x)dx] = [(dx) ® I,] vec[d D f(x)]
ovecD f(x)
ox’'
= [(dx) ® 11K H f(x)(d x) = [1, ® (dx)'TH f(x)(d x)

(dx)"H fi(x)(d x)
| Hf(x0d )

=[(dx) ® ] (dx) = [(dx)" ® I,1B(x)(d x)

(dx)"H fu(x)(d x)

12



Thus d? f is a n-vector of quadratic forms in H f;(x).

Alternatively, if f is twice differentiable and B(x) is an mn X m-matrix such that for all
dx

d*f = [I, ® (dx)'1B(x)(dx), (4.4)
then
H f(x) = H{B(x) + [B' (0.}, (4.5)
where
Bi(x) B/ (x)
B(x) , B}(x)
Bo=| " |, B@hk=|" | (4.6)
B, (x) By (x)

and each B; is a m X m-matrix. For example, if n = 1 then
d*f = (dx) B(x)(dx), 4.7

for all d x, if and only if
H f(x) = [B(x) + [B'(x)], (4.8)

4.3 Matrix functions

A matrix function F from an open set S ¢ R"™" to RP*? is twice differentiable if vec F

is twice differentiable. The Hessian matrix H F' of F is the mnpg X mn-matrix
H Fl 1 (vec X)
H Fp1(vec X)
HF(X) = j ,

H Fy,(vec X)

H Fp,(vec X)

where each H;, is a mn X mn-matrix. The second differential of F is defined as
d>F(X;dX) = d[dF(X;d X)), i.e. vecd’> F(X;dX) = d*[vec F(vec X;vecd X)]. If

F is twice differentiable then
vecd? F = [I,, ® (vecd X)'1B(X)(vec d X)] (4.9)
for every d X € RP*4, if and only if
HF(X) = 3{B(X) + [B'(X)]}. (4.10)

An explicit expression for the Hessian matrix is

m n m n azF ,
HF = Z Z Z (vec Bxkgax,-j) ® (vec H;j) ® (vec Hye) 4.11)

i=1 j=1 k=1 {=1

13



where H;; is the m X n-matrix with 1 as element (i, j) and O elsewhere. If n = 1, then

@.11) simplifies to
m n azF
HF = ZZ(VBC W)@»eiej, (4.12)

where e; is the m-vector with 1 as element i and O elsewhere.

4.4 Examples

Example 4.1. (Example[3.2|continued). The second differential of f(x,y) = x>+ 2xy—
2y? is

d(d f) = d[2(x + y)dx + 2(x — y)dy] = 2(d x)* + 4(d x)(dy) — 2(d y)?

B()—2 4
x_0—2‘

. , 2 2
Hf=3Bw+Bl=| ).

so that

Thus the Hessian matrix is

-2
Example 4.2. Often the second differential of a real-valued matrix function has the
form tr B(d X)'C(d X) or tr B(d X)C(d X). Then the following result is useful.
Let¢ : § ¢ R™" — R be a real-valued matrix function.

a. Suppose d2¢ = tr B(dX)'C(dX) with B an n X n-matrix and C an m X m-
matrix. Then d?¢ = (d vec X)'(B’ ® C)(d vec X), so that

Ho(X)=3(B' @ C+B®C(C), (4.13)

and

8 p(x)

(’)x,-jaxm

=%(bsjcir + bjscri),
Lr=12,...m; js=12,..n 4.14)

b. Suppose d? ¢ = tr B(d X)C(d X) with B and C n X m-matrices. Then
d’¢ = (dvec X’)' (B'®C)(d vec X) = (d vec X)' K,n(B’ ®C)(d vec X),
so that

Ho(X) = 3Km(B' ® C + C' ® B), (4.15)

and

8 p(x)

6x,-j(')xrs

1
:j(bsicjr + bjrcsi)’

Lr=12,..m js=12..n (4.16)
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Equations (@.14) and (@.16) can be derived from respectively (@.13) and using
(2.29) and 2.38).

Some special cases are:

a. (Example continued) For ¢(X) = tr X’AX with A an m X m-matrix, we get
d? p(X) = 2 tr(d X)’A(d X), so that

H(tr X’AX) =1, ® (A + A)), (4.17)

and
O X’ AX

=6 js(air + ayi);
axij ax” js\tir ri)s

Lr=12,...m; js=1,2,..,n. 4.18)
where ¢, is the Kronecker delta (6;; = 1, and 6 ;5 = O for j # ).

b. (Example continued) For ¢(X) = tr X we get d¢(X) = tr[(d X)X + X(d X)]
and d? d(X) =21tr(d X)?2, so that

H(tI‘X2) =Ky, ® I, + I, ® I,) = 2K,, (4.19)
and
I tr X2
226,61,
axijaxrs
Lr=12,...m; js=1,2,..,n (4.20)

c. (Example continued) For ¢(X) = log|X|, we get d¢(X) = tr X~1(d X) and
d?> p(X) = —tr X"1(d X)X~'(d X) and therefore

HloglX| = -K, (X" '@ X1, 4.21)
and
d” log|X| i r
—F— =—Xx"x",
axijaxrs
Lhr=12,...m; js=1,2,..,n. 4.22)

Note that if X is a symmetric positive definite matrix, then d? log|X| = —(vecd X)'(X -1®
XN(vecdX) < 0, so that log|X| is a strictly concave function on the space of

positive definite matrices.

Example 4.3. (Example continued) Consider the matrix function F : R* — R™",
defined by F(x) = %xx’, where x is a n-vector. There holds d F(x) = %[x(d x) +(d x)x’]

so that, cf. (3.34),
D F(x) =2N,(x® 1,)

and d*> F(x) = (dx)(dx)’, so that d*> vec F(x) = vec(dx)(dx) = (I, ® dx)d x. Now,
dx = [I, ® (d x)"|(vec l,), so that

I,®dx=1,9[I,®(dx)](vecl,)
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=, ®1,®dx)][,® (vecl)].

Therefore
d?vec F(x) = [I,» ® (dx)'1(I, ® vec I,,)d x,
and
HF(x) = 3{I, ® vec I, + [(I, ® vec I,)'],}.
There holds
E
E
vec I, 0 .. 0
0 vecl, ... 0 Eq,
I,®@vecl, = ) ] ) = R
0 0 vec I,
E’ll’l
so that
EY}, En
Eiz Ea
, Ein Enl
[In®vecl) ], =|,., |= = (K, ® 1,1, ® vec l,).
E21 E]2
Therefore

HF(x) = [3(,2 + K;) ® 1,1(I, ® vec 1)

= (N, ® I,)(I, ® vec 1,).

(4.23)

(4.24)

(4.25)

(4.26)

4.27)

We can also use the explicit expression (@.12)), which in this case is more straightfor-

ward. There holds
PF(x)

3)6]'3)6,‘ T2

(eie;- +eje)),

and thus

=

—_

H F(x) [Vec(eie;- +eje)]® eie;

I
—_
~
s

Il
BN —
M=

(ej®ei®e;-®e,-+e,~®ej®e;.®e,-)

i 1

L

s |l
s |l

—_

i=

= [3U2 + K) ® I,1(1, ® vec 1)

—_
~

= (N, ® I))(I,, ® vec I).
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5 Linearization of the regression estimator

Design-based sampling variances of non-linear statistics are often calculated by means
of a linear approximation obtained by a Taylor expansion; examples are the variances
of the general regression coefficient estimator and the regression estimator. The lin-
earizations usually need some complicated differentiations. In this section, taken from
Zeelenberg (1997), it is shown how matrix calculus can simplify these derivations, to
the extent that even the Taylor expansion of the regression coefficient estimator can be
derived in one line, which should be compared with the nearly one page that Sarndal
et al (1992, pp. 205-6) need. To be honest, the use of matrix calculus requires some
more machinery to be set up, which is not needed for traditional methods. However
this set-up can be regarded as an investment: once it has been learned, it can be used
fruitfully in many other applications. See also Binder (1996) for applications similar

to those of this section.

The n-estimator (Horvitz-Thompson estimator) of the finite population regression co-
efficient (cf. Sédrndal et al, 1992, section 5.10) is

A N A

B="77"% (5.1)

where

/
. XX
T=2 =
Tk

kes
A XkYk
=2
kes Tk

Vi is the variable of interest for individual &, x; is the vector with the auxiliary variables
for individual k, m is the inclusion probability for individual k, and s denotes the
sample. Taking the total differential of , and evaluating at the point where 7' = T,
f=1t, we get

dB=-17'WdD)T 't +T7'(dd. (5.2)

Because of the connection between differentials and linear approximation, as given in
equation (3.2), it immediately follows that (5.2)) corresponds to the linearization of the

regression coefficient estimator:
B=B-T'0-T)r't+7'¢-1)=B+T (- TB),
where B =T"!1.
The regression estimator of a population total is (cf. Sdrndal et al, 1992, section 6.6)
fyr = By + (1 = Fun)' B, (5.3)

where 7y, is the 7-estimator of the variable of interest, 7, is the vector with the pop-
ulation totals of the auxiliary variables, 7, is the vector with the m-estimators of the

auxiliary variables, and B is the estimator of the regression coefficient of the auxiliary
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variables on the variable of interest. Taking the total differential of (5.3), and evaluat-
ing at the point where #y; = fy, f;r = t,, and B = B, we get the linear approximation of
the regression estimator

diy, = dfye — (dFr) B,

so that

fyr =ty + fyr — 1y + (tx — b)) B = fyr + (1 — fxn)'B.

Note that for the linearization of the regression estimator we do not need that of the

regression coefficient estimator B.

6 Maximum-likelihood estimation of the multivariate linear model

6.1 Introduction

This section is a generalization of section 15.8 of Magnus and Neudecker (1988) to

the case where each equation may have different explanatory variables.

6.2 The model

Consider the model
y,‘jle’-j ,'+E,'j, i= 1,2,...,m, jZ 1,2,...,1’1, (61)

where x;; is a k;-vector and €; is a random variable. For a given j we can stack the

equations (6.1) as
ijXjﬁ+6j, j=1,2,...,l’l, (62)

where yj= (ylj,yzj, ...,ymj)’,ﬂ = (ﬂ' ,ﬁ'z, ...,,B;n)’, € = (Elj, €25 ees Emj)’, and

x’1 0O ... 0
0 x’2 ... 0
Xj={. . E (6.3)
0 O X,
It is assumed that
€ ~ Nin(0, ), (6.4)

where Q is a positive definite m X m-matrix, and that €; and € (s # ) are independent.
Thus

yj ~ Nim(XB, ), (6.5)
and y; and y (s # j) are independent. The log-likelihood of the model is there-
fore

n
L= —% log 27 — %nlongl - % Z G;-Q_leju (6.6)
=1
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6.3 First-order conditions
Thus

dL=inrQ'(S -QQ'dQ) - Z €Q (e =
j=1
=IneQ (S -Q'dQ) + Z €Q7X;(dp), (6.7)
j=1

where S = (n™!) Z;le eje} is the covariance matrix of the sample; note that E(S') = Q.

Vectorizing we get

d L= In[vecQ™'(S — Q' (vecd Q) + Z €Q7X;(dp) (6.8)
j=1
= $vec Q'S — Q' Dyp(dw) + Y Q7 X;(dp), (6.9)
j=1

where w = v(€2) contains only the distinct elements of . Thus

0L O e C yl
B = Z €,Q 'X; = Z(Yj - X;8/Q7'X;, (6.10a)
J=1 j=1
and
(;91:’ = InfvecQ7'(S — Q' D, (6.10b)
(0]

Setting the derivatives equal to zero and rearranging, we obtain as estimator of £:

-1

n n
’[A'?: ZX}Q_IXJ' ZX}Q_lyj . (611)
= j=1
For Q we get
InD, (@' @ Q) vec(S - Q) = 0;
thus

InDl (@ '@ Q D, v(S - Q) =0,

and, since D,’n(Q‘1 ® Q D, is non-singular (see 2.41), we get v(S — Q) = 0, and so
vec(S — Q) = 0, which implies

(6.12)

6.4 The Hessian matrix

Taking the differential of we get the second differential of the log-likelihood:

d>L£=- InwQ (s - Q' d)Q'(dQ)
-~ @ ldoQ' - 00 de)
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n
- %nz Q7 edpY X QA0
=1

n
=10 QX APEQT Q) - ntr QAR AQ)
j=1

n

> xalx;

j=1
= In(vecd QY[Q7' © Q7'(2Q - $)Q 7 |(vec d Q)

n

11
2. X%07x;
=1

n

dp) - ) €7 QX dp)

=

- (dpy

- (dpy dp)

n

e ®XjJ dp), (6.13)

=1

—2n(vecd Q)Y ( Q' Q7

where the last equality sign rests among others on (2.4). Thus the Hessian matrix of
the log-likelihood is

HLQPB,w) =

?:1 X}Q—lXj n( ?:1 e;. ®X}) (Q—l ® Q—I)Dm

D, Q'@ Q™ (1 g8 X;) InD, Qe Q2Q-$)Q7'ID,

]. (6.14)

6.5 The information matrix

Taking expectations and multiplying by —1 we get the information matrix

noxXOTX; 0
J=17 / ] (6.15)

I(B,w) =
) ( 0 inD; Q7' @ Q7D

which can also be obtained by taking the expectation of the outer product of the first

derivatives. It follows that the asymptotic covariance matrix of Q is given by

Vas Vi vec(Q = Q)] = Dy{ Vs Vi@ ~ w)1}D;,

=2D,[D, (@ 'eQ YD, 17D,

= 2D, D;(Q® Q)D;;/ D, = 2N,,(Q ® Q)N,,

= 2N, (Q® Q). (6.16)
Using (2.28) and (2.37) we get from (6.16)

COVas[ V(@i — wif), Vi(Qrs — wys)] = Wi Wjs + WisWjr.
In particular
vary[ Vi(@ij — wij)] = wiiwjj + w,~2j,
and
vargs[ V(@i — wi)] = 207,

Using the information matrix one easily shows that the method of scoring amounts to

iterated generalized least squares according to (6.12) and (6.13)). Since any information

matrix is positive definite, this algorithm always leads to a maximum.
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7 Maximum-likelihood estimation of the factor-analysis model

7.1 Introduction

In this section we give an application to the factor-analysis model and derive the Hes-
sian matrix and the information matrix. Many books on multivariate analysis derive
the first-order conditions, see e.g. Anderson (1958, chapter 14), Bartholomew (1987,
chapter 3), Lawley and Maxwell (1963, chapter 4), and Morrison (1967, chapter 9).
Lawley and Maxwell (1963, chapter 5) and Joreskog (1972) also derive the informa-

tion matrix, but they do not use only matrix methods.
Neudecker and Satorra (1991).......cccccvveeeeennnee...

Subsection 2 gives the model, subsection 3 derives the first-order conditions for maximum-
likelihood estimation, subsection 4 the Hessian matrix, and subsection 5 the informa-

tion matrix.

7.2 The model

Consider the model

q
Xji =i+ ) A+ €ir i = 1,2,,p, j=1,2,..m, (7.1)
k=1

where y; and A;; are coeflicients and y, and €;; are random variables. In matrix notation
we can write (7.1)) as

xXj=u+Ay+e;, j=12,..,n, (7.2)

where x; = (Xj1, X2, .0, Xjp) s = (U1, 12,5 s Up) s Y = V1, Y25 - Vg) s € = (€)1, €2, -0 €jp)
and A = (). It is assumed that

vy~ Ny(0,1,) (7.3)

and
€ ~ N,(0,¥), (7.4)

The conditional distribution of x; given y is therefore

xjly~Ny(u+Ay,¥) (7.5)
and the unconditional distribution of x; is

xj ~ Np(u, AN + ). (7.6)

For A and V¥ to be identifiable from a sample, we must impose restrictions on A and V.
Usually one assumes that ¥ is diagonal and imposes in addition some other restrictions
on A and . For example, in confirmatory factor analysis one has information on A,

such as that some A;; are zero; in exploratory factor analysis one usually assumes that
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A"¥~!A is diagonal. We proceed to derive the maximum-likelihood estimates of u, A,

and ¥ under the assumption that ¥ is diagonal.

Suppose we have n observations on the vector x. The log-likelihood of the sample is
then
L=-1nplog2n - tnloglQ - IntrQ7's, (1.7)

where Q = AA’ + W, and § =n~! ;f: (xj =) (x; —p) is the covariance matrix of the

sample.

7.3 First-order conditions

The differential of the log-likelihood is

d£=-1nd(loglQ) - tntrQ'ds - lntrdQ™)s
= 1lnrQ'dQ Q- 8) + nurQ udpy, (7.8)

where u = n~! 2 j(xj—w); note that Eu = 0. Using dQ = A(dA) + (d M)A +d¥, we
get

dL=-nrQ'dMNQQ-95) - incQ ' dPQQ-5)
+ntr Q lu(dpy
=—nlvec Q' (Q-$)Q AT - Inlvec Q' (Q-5Q7'IGY (7.9
+n(vec Qu) (d p),

where 4 = vec A, and ¢ = w(¥) = G, vec ¥ is the vector with the diagonal elements

of W. Thus, the first derivatives of L are

0L

— =nvecu'Q ' =/ Q7!, (7.10a)
ouw’

Zﬁ = —n[vec Q Q- QAT (7.10b)
(9.5 — - ’ 4

o —SnlvecQ7'(Q - $)Q7'T'G), (7.10c)

Setting the first derivatives equal to zero we get from (7.10a) # = 0 and so

1
==Y xj=% (7.11)
n <
j=1
1 n
§=- = X)(x; - X); 7.12
. ]Z:;oc, D) = %) (7.12)
from (7.10b) we get
Q-5 A =0; (7.13)
from we get
dg[(Q-8$)Q " = 0. (7.14)



7.4 The Hessian matrix

From (7.8)) we obtain as the second differential of the log-likelihood equation:

& L=-inorQ @O dQ-dS) +nrQ '@ dOQ T (Q-S)
+ntr QN du)dp) —ntr QN (dDQ " u(d p)’
=-lhrQ'eQ ' d)Q'(dQ)
—ndp) Q' dp) - 2ntr Q' (dO)Q u(d (7.15)

where ® =25 — Q. UsingdQ = A(dA) + (dA)A" +d Y, we get

& L=-incQ ! OQ ' AMAYQTAWAY
~Intr Q'OQT A AY QI (A AN
~Inr Q7 'eQ N dMNQTTAAA - $ne QT OQ T (A AA' QAWM AY
—ntr QOO AAAY QN AY) — nr Q' OQTN A AN QN AY)
~Inr Q7 'eQ N (dYQ T (W) - n(dp)’ Q7 (d )
—2ntr Q'AMAAY Q' u(dp) - 2ntr QA AN Q  u(d )
—2ntr Q' dP)Q  u(dp)
= - In(vecd Ny (Q'DQ A @ A’Q7)(vecd A)
— in(vecd AY (NQ'OQTTA @ Q) (vecd A)
— In(vecd 'Y (Q'A @ A'Q7'OQ )(vec d A)
— In(vecd AY(A'Q A ® Q7' 0Q ) (vecd A)
— n(vecd VY (Q OO A @ QM) (vecd A)
—n(vecd P (Q'A @ Q7 'dQ ) (vecd A)
— In(vecd¥)( Q' @ Q7' OQ ) (vecd P)
—n(dp) Q' (dp) - 2n(vecd ) Q' @ Q7' A)(vec d A')
—2n(vecd ) (W' Q'A @ Q N(vecdA)
—2n(vecdp) (W' Q' @ Q7N (vecdP). (7.16)

After some algebra it appears that the Hessian matrix of the log-likelihood has the

form
H#/l Hu/l H/u/f
HL A4 ¢) =|Hy Hu Hayls (7.17)
Hyu Hya Hyy
with
Hy = — nQ7", (7.18)
Hu =H), = /' Q' @ Q" HK, - n(/'Q 'Ae Q™)

—n@ Q'@ QAU @ MKy, + (AR 1,)]
W Q' @ QK + [2)A® )
2 Q'@ QYN (A ® 1) (7.19)
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Hu =H), = -n/' Q' @ QNG (7.20)
Hu = - 3nK (@' 0Q A A’Q™) - In(NVQ 'oQ A9 Q)
—nNQ A Qo0 ™) - Ink @ AR A QT DO
=—n(A'Q TR QTHNJIQE D)+ (@eY)IQ 'AQ™)

=-2n(A ® I,)N,(Q' e Q7 'dQ )N, (A Q™h, (7.21)
Hiy =Hj, = -in(A'Q' e Q7'0Q )G,
- inNQ o e QG
=-n(N' ® )Ny Q'@ Q'oQ ™ HG), (7.22)
Hyy = = $nG,(Q ' Q7'0Q™ )G, = -in(@ ' o Q7'0Q ™). (7.23)

Note that if u = 0 (which holds at the maximum-likelihood estimate, see (7.10a))), then
H,a = 0 and H,y = 0. It follows from (7.17)-(7.23) that the Hessian matrix is

HL(u, A, ) = —nx

ol 2w Q"o HNp(ael),) wo e ha),
2N @INp@ Lug™ly 2 eipNp@ e loa )Nyl (W eIpNp@ lea o] )Gy (7 .24)
Gp@ lugn™1) Gp@ oo loa )N, (Asl)y) La-lea-loa1)
P 14 P r 2

Expressions for the individual elements of H, such as 8>.£/(8;,01 js)» can be obtained

from (7.18)-(7.23) with the help of equations (2.29), (2.38), and (2.59)

7.5 The information matrix

Taking expectations of the Hessian matrix (7.24)) and multiplying by —1, we get as

information matrix

T(u, A,9) = nx
Q! 0 0
0 2N ®I)N,Q'eQ HN,A®IL,) (NOI)N,Q'eQHG,| (7.25)
0 Gy Qe HN,(A®I,) loteoa™
From ([7.25) we get
Tia=nNQ'AN)eQ ! + 1K, Q 'AeA'Q); (7.26)

and therefore, using and (2.36),
T(Aij, Ars) = n(@"y js + 056,)), (7.27)
where I' = A’Q"'A and ® = Q 'A. Similarly, we get
T Aij) = nw™ 6y, (7.28)

and
T o) = Sn(w*)?. (7.29)
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Equations (7.27)-(7.29) coincide with the formulae derived without matrix differentia-
tion techniques by Joreskog (1972). If there are no other restrictions on the parameters
and if the model is identified, then we can derive the asymptotic variances of (i, A, )

by inverting the information matrix.
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